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Abstract 

We develop a new approach on the (1+3) threading of spacetime 
(M, g ) with respect to a congruence of curves defined by an arbitrary 
timelike vector field. The study is based on spatial tensor fields and on 
the Rienrannian spatial connection V*, which behave as 3 D geometric 
objects. We obtain new formulas for local components of the Ricci 
tensor field of (M, g) with respect to the threading frame field, in terms 
of the Ricci tensor field of V* and of kinematic quantities. Also, new 
expressions for time covariant derivatives of kinematic quantities are 
stated. In particular, a new form of Raychaudhuri’s equation enables 
us to prove Lemma 6.2, which completes a well known lemma used in 
the proof of Penrose-Hawking singularity theorems.Finally, we apply 
the new (1 + 3) formalism to the study of the dynamics of a Kerr- 
Newman black hole. 

Keywords: (1+3) threading of spacetime; Kerr-Newman black hole; kine¬ 
matic quantities; Raychaudhuri’s equation; Ricci tensor field; Riemannian 
spatial connection; spatial geodesics; spatial tensor fields. 
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1 Introduction 


The (1+3) threading of spacetime by a congruence of curves determined 
by a unit timelike vector field £ (4-velocity) is by now a well established 
theory which studies the geometry, dynamics, and observational properties 
of some well known cosmological models. Most of the important results on 
this theory, and an exhaustive list of references wherein these results have 
been published, can be found in the excellent monograph of Ellis, Maartens 
and MacCallum [1], 

Our work on this matter is motivated by the simple remark that it is 
difficult to apply the above theory to the metrics of general form presented 
in (2.8). This is because, in this case, £ = d/dx° is not a unit vector field and 
thus it should be normalized. But this process leads to complicated formulas 
for kinematic quantities and Ricci tensor field, which of course makes difficult 
their study. The question is: Are there important cosmological models whose 
metrics have the general form (2.8). The answer is in the affirmative and it 
is based on the following two examples. First, the study of the cosmological 
perturbations of the FLRW universes is developed with respect to the metric 
(cf. (10.12) of [1]) 


ds 2 = a 2 { — (1 + 2 (j>)(dx 0 ) 2 + 2(B\. — Si)dx°dx l 

ij dx l dxi | . 


(1 — 2^)7ij + 2E^j + 2Fj|j + h 


( 1 . 1 ) 


Then, we recall that the metric of a Kerr-Newman black hole is given by 
(cf.(12.3.1 in [2]) 


f A—a 2 (sini 2 ) 


ds 2 = - ( 


-) (dx 0 ) 2 - 2a « xl)2+a2 ~ A){sinx2)2 dx 0 dx 3 


+ 


((rr 1 ) 2 +a 2 ) 2 —Aa 2 (sina ; 2 ) 2 

' S 


(sin x 2 ) 2 (dx 3 ) 2 + ^( dx 1 ) 2 + E(dx 2 ) 2 , 


( 1 . 2 ) 


where we put 


A = (x 1 ) 2 + a 2 + e 2 — 2mx 1 , S = (x 1 ) 2 + a 2 (cosx 2 ) 2 . 

The metric (1.1) was intensively studied with respect to the (1+3) threading 
of almost FLRW universes. From Chapters 10 and 11 of [1] we can see that 
the study is not an easy one in literature. Also, as far we know, very little 
has been done with respect to the (1+3) threading theory for the metric 
(1.2) (cf.[2, 3]). 
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In this paper we present a new approach on the (1+3) threading of 
spacetime with respect to a congruence of curves defined by an arbitrary 
timelike vector field £. We develop a method that is based on the foilwing 
concepts: 

(i) Threading frame and coframe fields. 

(ii) Spatial tensor fields. 

(iii) Riemannian spatial connection. 

The threading frame and coframe fields are naturally constructed from the 
coordinate fields (cf. (2.3) and (2.4)), and have a great role throughout the 
paper. The spatial tensor fields have been used in earlier literature, but in 
here we work only with their 3 D local components with respect to the above 
special frames (cf.(3.1)). This brings a substantial simplification into the 
study of such general metrics. Finally, the Riemannian spatial connection 
V* (cf.(3.12)) is a metric linear connection on the spatial distribution, which 
introduces both the spatial and time covariant derivatives. It is important to 
note that throughout the paper, all geometric objects and equations involved 
into the study, are expressed in terms of spatial tensor fields and their spatial 
or time covariant derivatives. As the metrics (1.1) and (1.2) fall into the class 
of the general metrics given by (2.8), the (1+3) threading theory developed 
here can be easily applied to their study. 

Now, we outline the content of the paper. In Section 2 we consider 
the orthogonal decomposition (2.1) of the tangent bundle of the spacetime 
(Af, g), and construct the threading frame and coframe fields {d/dx°, 5/5x 1 } 
and {<5x°,dx*}, respectively (cf. (2.3) and (2.4)). Also, we consider the Rie¬ 
mannian metric h on the spatial distribution SM given by its 3 D local 
components (cf. (2.15)). Then, in Section 3 we introduce the notion of 
spatial tensor field via 3D local components (cf. (3.1)), and show that the 
vorticity, expansion and shear tensor fields u) VJ . 9ij and a t j given by (3.5a) 
and (3.8), are indeed spatial tensor fields. Also, we define the Riemannian 
spatial connection V* on SM (cf.(3.11)) and express the Levi-Civita con¬ 
nection V in terms of the local coefficients of V* and the above kinematic 
quantities (cf. (3.17)). A comparison between the concepts defined in this 
paper and the corresponding ones from earlier literature is done in Section 4. 
In particular, for a unit timelike vector field we obtain (4.14) for kinematic 
quantities, and deduce that they do not depend on the Levi-Civita connec¬ 
tion of the spacetime. In Section 5 we express both the curvature tensor field 
and the Ricci tensor field of (Af, g ) by spatial tensor fields and their spatial 
and time covariant derivatives (cf. (5.3), (5.5a), (5.11), (5.12a)). Next, in 
Section 6 we obtain the Raychaudhuri’s equation (6.1) with respect to an 
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arbitrary timelike vector field, which for a congruence of timelike geodesics 
takes the forms (6.5) or (6.28). It is important to note that (6.28) is the 
main ingredient used in the proof of Lemma 6.2, which should be consid¬ 
ered as a completion of Lemma 6.1 that has been the key in the proof of 
Penrose-Hawking singularity theorems. Also, we express the non-zero local 
components of the electric Weyl curvature tensor field in terms of spatial 
tensor fields (cf.(6.20)), and deduce new formulas for time covariant deriva¬ 
tives of the kinematic quantities (cf.(6.9), (6.12), (6.24), (6.25)). Finally, 
the last three sections are devoted to the study of a Kerr-Newman black 
hole via the new approach on the (1 + 3) threading of spacetime developed 
in the paper. In particular, we characterize spatial geodesics and obtain the 
3 D force identity (cf.(9.10)). 

2 Threading Frame and Coframe Fields 

Let (M, g ) be a 4 D spacetime, and £ be a timelike vector field that is glob¬ 
ally defined on M. Note that £ is not necessarily a unit timelike vector 
field, as it was considered in early literature. The timelike congruence de¬ 
termined by £ is tangent to the fibres of the line bundle VM, that we call 
the time distribution. Also, we consider the spatial distribution SM, which 
is complementary orthogonal to VM in TM, that is, we have 

TM = VM © SM. (2.1) 

Throughout the paper we use the ranges of indices: i,j , k,... € {1, 2, 3} 
and a,b,c,... € {0,1, 2,3}. Also, for any vector bundle E over M denote by 
T(E) the J-'(M)-module of smooth sections of E, where E{M) is the algebra 
of smooth functions on M. 

The foliation by curves that is tangent to VM, induces a special coordi¬ 
nate system ( x a ) such that £ = d/dx®. If (x a ) is another coordinate system, 
then we have 


x L = x t {x 1 , x 2 , x 3 ); x° = x° +/(x 1 ,x 2 ,x 3 ), (2.2) 

since d/dx° and d/dx° represent the same vector field £, and hence dx°/dx° = 
1. Then, from (2.1) we deduce that for each d/dx l there exist a unique 
5/5x l £ T(SM) and a unique function A. L , such that 


6 _ d d 
8x l dx l 1 dx°' 


(2.3) 
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This enables us to consider the threading frame field {d/dx°, S/Sx 1 }, and 
the threading coframe field {5x°,dx' 1 }, where we put 

5x° = dx° + Aidx 1 . (2.4) 

Now, by direct calculations using (2.1)-(2.3), we obtain 


(a) 


5x l 


dx k 5 
dx l 5x k ’ 


( b ) 5x° = Sx°, (c) 


* = ** + &■ <-> 


Note that {S/5x 1 } are transformed exactly as {d/dx 1 } on a 3D manifold, 
while {Ai}, in general, do not satisfy some 3D tensorial transformations. 
Next, we consider the 1-form £* given by 


e(X) = g(X,0, VAeT(TAf). ( 2 . 6 ) 

The local components of £* with respect to the natural frame field {d/dx 1 } 
are given by 


(«) ( b ) & - 9 (afn, gfu) - -$ 2 , (2.7) 

where $ is a non-zero function on M which is independent of x°. The 
above condition on is not restrictive for our theory, because most of the 
important cosmological models satisfy it. 

According to (2.7), the line element of g is expressed as follows: 

ds 2 = —& 2 (dx 0 ) 2 + 2 ^idx'dx 0 + gijdx l dxfi (2.8) 

where we put 


/ d d \ 
' )lj g V dx l ’ dxi) 

Taking into account that 

( _S_ Ai = n 

9y 5x^dx Q) ’ 

and using (2.3) and (2.7), we obtain 

Ai = — 


(2.9) 


( 2 . 10 ) 


( 2 . 11 ) 
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and therefore 


6 d 2 d 
6x l dx l ^ dx°' 

Multiply (2.5c) by <h 2 , and using (2.11), we obtain 


( 2 . 12 ) 


& 


2 ^ 4 . 

dx l dx l 


(2.13) 


Hence do not define a 3 D 1-form on M. 

Now, denote by h the Riemannian metric induced by g on SM, and put 


^ >lJ ^ (y § x t ’ § x j ) ^ ( Sx l ’ Sx 1 ) 

Then by using (2.14), (2.3), (2.11), (2.9) and (2.7), we infer that 


(2.14) 


hij — Sij + ^ (2.15) 

Thus ds 2 from (2.8) is expressed in terms of the threading coframe field 
{5x°,dx 1 } as follows, 


ds 2 = — <h 2 (fe 0 ) 2 + hijdx l dxfi (2.16) 

Note that hij and the entries of the inverse of the matrix [h tJ \ are trans¬ 
formed exactly like 3 D tensor fields, that is, we have 


(a) 


hij 


hkh 


dx k dx h 
dx l dxi ’ 


(6) h kh 


i; j dx k dx h 
dx l dxi ' 


(2.17) 


3 Kinematic Quantities as Spatial Tensor Fields 

on (M, g) 

The purpose of this section is to define the vorticity tensor field, expansion 
tensor field, expansion scalar and shear tensor held, as spatial tensor fields 
on the spacetime ( M,g). First, we give the following definition. 

A spatial tensor field T of type (p, q) on M, is locally given by 2> p+q 
locally defined functions satisfying 

T h -j P dx kl _ _ _ dxfiff = ~k 1 -k p dx hl _ _ _ dxfiff 

dxi 1 dx^p hi-hq Q x n g x i q ’ 
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with respect to the transformations (2.2). In other words, the local compo¬ 
nents of a spatial tensor field on M should satisfy the same transformations 
as the local components of a tensor field on a 3-dimensional manifold. From 
(2.17) we see that hjj (resp. h tJ ) define a spatial tensor field of type (0,2) 
(resp.(2,0)) on M. 

By using (2.5a) and taking into account that 


we deduce that 


<9<F _ 
dx° 


(3.2) 


_ <5$ _ , d$ 

Ci ° 5x i ° dx i: 


(3.3) 


define a spatial tensor field of type (0,1). Next, by direct calculations using 
(2.3), (2.11) and (3.3), we deduce that 


(a) 


' 5 _5_ 

5xi ’ 5x l 


2uJij dx O’ (5) 


• d _6_- 

dx° ’ 5x l 


d 

Ul dx° 


where we put 


(3.4) 


(a) Uij — 2 { fyf } — ^ 2 { c *£i + 2 (f^ 

w t- 



(3.5) 


Now, apply 5/5x■> and d/dx° to (2.5c) and by using (2.5a) and (2.5b), we 
infer that 


( n \ Mr = §Ak dx h dx k a d 2 x k i d 2 f 

' ' 5x3 g x h g x J dx l ' " dx‘ l dx J ' dx‘ l dx J ’ 

( 3 - 6 ) 

(h) dAi — 9Ak 9S;k 

i ' dx u dx u dx l ' 

Then, by using (3.6) into (3.5), we obtain 


(a) (6) a, = 2 fc §J. (3.7) 

Hence and a* define spatial tensor fields of type (0.2) and (0,1), respec¬ 
tively. We call co = (c Oij) the vorticity tensor field for the timelike congruence 
defined by £ on M. From (3.4a) we see that the spatial distribution SM is 
integrable if and only if Wjj vanish identically on M. 

Next, we define 
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, x _ 1 dhij 

(a) @ij — - 


(b) © = h ij @i 


(c) CFij = @ij - i Qhij. (3.8) 


2dx °’ 

Then, take derivatives with respect to x° in (2.17a), and obtain 


@ij 


~ <9x h 

^kh~^ “ 7 : 7 ’ 
OX 1 OXJ 


that is, @ij define a spatial tensor field of type (0,2). We call it the expan¬ 
sion tensor field. Clearly 0 from (3.8b) is a function, and a t j from (3.8c) 
define a trace-free spatial tensor field of type (0,2). We call 0 the expansion 
scalar and Uij the shear tensor filed for the congruence. According to the 
terminology from earlier literature, we call 0jj, 0, g vj } given by (3.5a) 
and (3.8), the kinematic quantities with respect to the congruence of curves 
defined by the timelike vector held £ = d/dx°. 

Raising and lowering latin indices is done by using hfi and hij , as follows 


(a) c ^ = h ki Uij, (6) c o kh = h ki h hj oj ij . (3.9) 

In order to define covariant derivatives of the above kinematic quantities, 
we consider the Levi-Civita connection V on (. M,g ) given by (cf. [4], p.61) 


2 g(V x Y, Z ) = X(g(Y, Z)) + Y{g{Z , X)) - Z(g(X, Y)) 

(3.10) 

+g([X,Y],Z) -g([Y,Z], X) +g([Z,X],Y), 

for all X,Y, Z £ T(TAf). Then define the linear connection V* on the spatial 
distribution as the spatial projection of V on SM, that is, we have 

(a) VxsY = sV x sY, V X, Y £ (T(SM), (3.11) 

where s is the projection morphism of TM on SM with respect to (2.1). 
Note that V* is a metric linear connection on SM. We call it the Rieman- 
nian spatial connection. 

Remark 3.1 The Riemannian spatial connection V* is different from 
the three-dimensional operator V that has been used in earlier literature 
(cf. (4.19) of [1]). V* is a linear connection on SM and therefore defines 
covariant derivatives of any spatial tensor held with respect to vector helds 
on M. On the contrary, V is an operator which acts on tensor helds on M, 
but in general, does not define a linear connection on M. □ 
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Locally, we put 


(a) V 



j - * k _ 

* j 5x k ' 


( 6 ) 



I' * k ^ 

* °8x k ' 


(3.12) 


Then, take X = 5/5x^Y = (5/(5x* and Z = <5/(5x ft in (3.10) and by using 
(3.11), (3.12a), (2.14) and (3.4a), we obtain 


p* k _ }_h kh f I ^hi _ 8hjj 1 

* J 2 \ <5x* (5x1 §x h J 

Similarly, we deduce that 


(3.13) 


r* fc 0 = ©f + . 


(3.14) 

Now, consider a spatial tensor held T of type (p, q). Then V* s T and 

Sx^ 

V* a T are spatial tensor of type (p,q + 1) and ( p,q ), respectively. As an 

dx ^ 

example, we consider T = (T-), and obtain 


(a) 




-i* h 


j ilfc _ &T 1 h k 1 h l j hi 


(*) *7ln = 


9T? 


(3.15) 


+ T^rr n -T*r 


★ h 


L j|o &r u 1 /) 0 ^h 1 -j 0- 

We call (3.15a) (resp. (3.15b)) the spatial (resp. time) covariant derivative 
of T. As V* is a metric connection on SM, we have 


(«) Kj\ k = °, (&) ^\=0, (c) hij | o =0, (d) h u |o =0. (3.16) 

Finally, by using (3.10), the above spatial tensor helds and the local 
coefficients of V*, we express the Levi-Civita connection V on (. M,g ) as 
follows 

( a ) = + + $_20 y) 

(b) 5F = ( 0 * fc + 5^ + ( a * + c ») 

(3 ' 17) 

(c) V s gftr = (©? + 4> 2 wf) ffiCiglr, 
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4 Comparison with Concepts from Earlier Litera¬ 
ture 

In the previous section we introduced the kinematic quantities on a space- 
time (M, g) with respect to the congruence that is tangent to an arbitrary 
timelike vector field £. If in particular, £ is a unit timelike vector field, 
the configuration of the spacetime with respect to the congruence of time- 
like curves determined by £ is known in literature as (1+3) threading of 
spacetime (cf.[1,5]). In this section we show that for $ 2 = 1 in (3.5) and 
(3.8) (that is, £ is a unit vector field), we obtain the well known kinematic 
quantities from earlier literature. 

First, by using (2.6) and taking into account that V is a metric connec¬ 
tion, we obtain 


(Vx£*)CC = g(Y, VxO, VI,Fe r(TM). (4.1) 

Then, consider the threading frame {d/dx°, 5/5x 1 } and using (3.17), we infer 
that 


(«) (v_i_r) ( 51 ) = e« + *Vj. 

«o (v_j i r)(+) = <i> 2 (a.+o i ), 

M (v 4 f) (+) = 

M ( v + r ) (<*’) = °- 


(4.2) 


Next, taking into account (2.12) and (2.7b), we express the natural frame 
field as follows 


dx a 5 *Sx> $ 2 ^ a dx 0 ' ae{0,1,2 ’ 3} ' 

Then, consider the covariant acceleration vector field 


(4.3) 




(4.4) 


and using (4.2b) and (4.2d), we obtain 
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where we put 


Sa ^ u a u i'> 


(4.5) 


6,: = ai + Ci. (4.6) 

Thus, we deduce that the congruence defined by £ is a congruence of timelike 
geodesics, if and only if, we have 

h = 0,Vi € {1,2,3}. (4.7) 

For this reason we call 6* the geodesic spatial covector field of the congruence. 
Now, by direct calculations, using (4.3) and (4.2), we infer that 

(«) (vj r e*)(&) = <she<j + * 2 w« 

m (v^r) (&) = 

Taking into account (4.3), (4.8) and (4.5), we find 

V b £ a = + Sidl (©ij + 4>V,) + Ufa ■ (4.9) 

Now, we suppose that £ is a unit vector field. Then, according to the formula 
(4.38) from [1], p.85, we have 

= ~Cbf,a + a ab + 7^)h a b + (4-10) 

where a a b, 0, h ab and uj a b are quantities defined in earlier literature. On the 
other hand, in this case we have <h 2 = 1, and from (4.9) we obtain 

V^a = + Sidl (Qij + Wtf), (4.11) 

since Cj = 0, for all j £ {1, 2 ,3}. 

Comparing the symmetric and skew-symmetric parts in (4.10) and (4.11) 
we deduce that 


) hifbi 


(4.8) 


(a) cr ab = 6 l a 6 3 b @ij - \®h ab , 

(h) UJ ab = d'jiuij. 

Finally, comparing (4.12a) with (4.31) from [1], p.81, we obtain 


(4.12) 
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e a .b = sisie tr (4.i3) 

According to (3.8), (3.5a), (4.12) and (4.13), we conclude that in case £ is a 
unit vector field, the only possible non-zero local components of expansion, 
shear and vorticity tensor fields from earlier literature are the following 


(a) @ij — 2 gjf) (b) &ij — 2 -Qgr 3 Qhij, 
(c) UJij = \ { - jffi | . 


(4.14) 


As far as we know, the formulas (4.14) do not appear in earlier literature. 
Due to them we can state that the expansion, shear and vorticity tensor 
fields do not depend on the Levi-Civita connection of the spacetime ( M,g ). 
Of course, due to (3.5a) and (3.8), this conclusion is still valid for the general 
case of a congruence defined by an arbitrary timelike vector field £. 

We close this section with an interesting property of vorticity tensor 
field. Suppose that we have a congruence of geodesics defined by £. Then, 
according to (4.7), (4.6), (3.3) and (3.5b), we have 


dfj 

dx° 


<9<L 

+ ,1 W“ 0 ' 


By using (4.15), (3.2) and (3.3), we infer that 


(4.15) 


9 2 fi _ n 

(aFF “ u ’ 


0 b ) 


C ■ ——t) 


— 


9 2 ii = 9% 
dxi dx° dx i dx 0 ‘ 


(4.16) 


Then, take the derivative with respect to x° in (3.5a) and by (3.2), (3.3) 
and (4.16), we obtain 


duJij 

dx° 


= 0. 


(4.17) 


Thus, we can state that the vorticity tensor field for a congruence of timelike 
geodesics of a spacetime, is independent of time. In particular, this is true 
for a congruence of geodesics with respect to a unit vector field £. However, 
we did not see this result in earlier literature. This is because the formulas 
(3.5a), (3.8) and (4.14) we deduced for the kinematic quantities are much 
simpler than the ones by means of Levi-Civita connection. 
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5 Curvature and Ricci Tensor Fields of a Space- 
time via Spatial Tensor Fields 

In this section we show that the curvature tensor field of (M, g ) is completely 
determined by three spatial tensor fields Rijkh, RiOkh and Rioko (cf. (5.3), 
(5.5a)). A similar result we obtain for the Ricci tensor of (. M,g ) (cf. (5.11), 
(5.12a)). Note that all these spatial tensor fields are expressed in terms 
of the curvature and Ricci tensor fields of the of the Riemannian spatial 
connection, and of all kinematic quantities introduced in Section 3. 

In what it follows, R denotes both the curvature tensor field of (. M,g ) 
of type (0,4) and (1,3), given by 


(а) R(X,Y,Z,U)=g(R(X,Y,U),Z), (5.1) 

(б) R(X, Y, U ) = W x VyU - V Y VxU - V [X>Y] U, 

for all X,Y,Z,U € T(TM). Then the curvature tensor field of ( M,g ) is 
completely determined by its local components 


(tt) Rijkh R(. ( yj'h: 7 fi x k , fi x J 1 fix 1 ')’ 

{b) RiOkh R( fi x h i fi x k i Q x u i fi x t)> 

(c) RiOkO R{ g x u i fi x k > q x u ? fi x z )• 


(5.2) 


By direct calculations, using (5.2), (5.1), (3.17), (3.4), (3.3) and (4.6), we 
obtain 


(fl) Rijkh — Rijkh A ^ik®jh ^ih^jk T 4* (@ifc@j7i ®ih®jk) 

TT (iOikUijh ^ihUijk) T &ik^jh ®ih^jk, 

(6) RiOkh — ®ih\k 4“ ©ifeCfc 

9 r l (5.3) 

+$ \u ih \ k - ui ik \ h + uj ih c k - UikCh + 2 uJkhbij , 

(c) Rioko = ‘f ’ 2 [bibk + h\ k + iOkhQ'i ~ Uih®k - ^ik |o - $ 2 u ih u k | 

—®ik\ 0 ~ ®ih@k-> 

where R*j kh are the local components of the curvature tensor field of the 
Riemannian spatial connection defined as in (5.2a), and given by 
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R *jkh — hji 


(5.4) 


/ k _ h I -p*n _ ~p*n 

Sx h Sx k ' L i k L n h 1 i h L n k 

~^kh (©i + ® 2 ujl i) | • 

Taking the symmetric and skew-symmetric parts, in (5.3c) we deduce that 

(a) Ri ofco = 4* 2 [bib k + \ (b^ + b k \^j - $ 2 a Hh^k] 

-Q iklo - e ih @ h k , (5.5) 

(&) w ifc| 0 = - "«,©£ + \ (fy* - &fc|i) • 

Now, consider an orthonormal frame field {E k , d* -1 gfrr} on M and put 

E k = 4 . (5.6) 

Then, we deduce that 


h ij y^nn- (5-7) 

fc=i 

According to [4], p.87, the Ricci tensor of (. M,g ) is given by 


o 00 

Ric(A, T) = Xj 7?(^ fc ,X, £7 fc , y) - <S>- 2 R(— } X, q^,Y). (5.8) 

Then, by using (5.8), (5.6), (5.7) and (5.2), we obtain 


(a) Rik = h^'Rijkh - $ 2 Rmo , (&) Rio = h^ h Rjohi, 

( c ) 7?oo = hi h Rjoho, 

where we put 


(5.9) 


(a) Ri k - Ric jfr) , (6) ^0 — T?zc 

(c) i?oo = Ric(-£v, gfu) • 


(5.10) 
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By using (5.3a), (5.3b) and (5.5a) into (5.9), we deduce that 

(a) Rik = R* h kh + $ 2 (©jfc | 0 + — bibk — \ (bi\ k + b k \^j 

+QuJik + UJkh&i ~ UihQk’ 

(b) R i0 = e* k -e\ i + ec i -e$c k (s.n) 

+$ 2 {wf Ifc + c 4c k + 2wf b k } , 

(c) R 00 = 4> 2 {b k b k + b\ + $ 2 oj kh oj kh } - 0, o - 0 fch 0* h , 

where 0(j , wf, and b k , are spatial divergences given by formulas deduced 

l \k 1 |fc |fc 

from (3.15a). Now, take symmetric and skew-symmetric parts in (5.11a) 
and obtain 


( a ) Rik — R* k + $ (©jjfcio + ©0*fc) ~ bib k — \ (bi\ k + b k f , 

V (5.12) 

(b) l (■ Rf kh ~ R* k h ih ) = u ih @ h k - uj kh Qb - Qu ik , 

where we put 

Rik = 9 (Rfkh + Rjtih ,) • (5.13) 

We call R* k the spatial Ricci tensor of the spacetime (M, g) . 

From (5.12b) we see that if the spatial distribution is integrable, then 
we have 


Rfkh = Rfih • (5.14) 

In this case, we have 

Rik = Rfkh • (5.15) 

Also, note that because in this particular case the vorticity vanishes iden¬ 
tically, from (5.3a), (5.3b), (5.5a), (5.11a), (5.11b) and (5.12a), we deduce 
that the curvature and Ricci tensors on (Af, g ) are expressed as follows 
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(5.16) 


(a) Rijkh — Rijkh 4" (©ifc©j7i ©i/i©jfe) j 

( b ) RiOkh ©j/i| fc ”1“ ©ifcQi ©i/iOo 

(c) RiOkO 4* “I - 2 4" | i ) J* ®ifc|o ©i/i©fc) 

and 

(a) -R*fc = + 4> 2 (©jfc| 0 + ©@ifc) — bibk — \ (bi\ k + b k \^j , 

(■ b ) i? i o = ©5 fc -0| i + 0c i -0fc fc , (5.17) 

(c) i? 00 = 4> 2 {b h b h +b) h }~ 0, o - &kh& kh , 

where R* k is given by (5.15). 

6 Raychaudhuri’s Equation and Time Covariant 
Derivatives of Kinematic Quantities 

First, by using (3.8b) and (3.8c) into (5.11c), we infer 

©| 0 = S>V - a 2 - i© 2 + <h 2 (b\ + b 2 ) - R 00 , (6.1) 

where we put 

(a) J 2 = u>khUJ kh , ( b ) cr 2 = a kh a kh , (c) b 2 = b h b h . (6.2) 

In particular, if £ is a unit timelike vector field, that is 

$ 2 = 1, (6.3) 

(6.1) becomes 

©|c = w 2 — er 2 — -© 2 + b h + 6^ — i? 00 i (6-4) 

which is Raychaudhuri’s equation expressed in terms of local components 
of spatial tensor fields introduced in the present paper. Thus, we are enti¬ 
tled to call (6.1) the generalized Raychaudhuri’s equation with respect to a 
congruence defined by an arbitrary timelike vector field £. 
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According to (4.7), in case of a timelike congruence of geodesics, (6.1) 
and (6.4) become 

0,0 = 4>V - a 2 - i© 2 - R 00 , (6.5) 

and 

©|o =uj 2 -a 2 - ^0 2 - R 00 , (6.6) 

respectively. 

Remark 6.1. Formally, (6.6) looks like (9.2.11) in [2], but we should note 
that cj,< 7 and 0 from (6.6) are calculated via their 3D spatial components 
(see (3.5a), (3.8) and (6.2)), while in [2] they are calculated in terms of the 
4 D local components with respect to the natural frame field {d/dx a }. □ 
Next, observe that (5.5b) gives a formula for the time covariant derivative 
of vorticity tensor field. By using (3.8b) and (3.8c) into (5.5b) we find 

w ifc|o = ^kh@i — ^ih@k ~ 7^9^ik 4“ ■ (6-7) 

Now, from (5.5a) we deduce that the time covariant derivative of the expan¬ 
sion tensor field is given by 

©ifc| 0 = | bib k + \ ( bi\ k + 6 fc |.) - j - Q ih 9 k - Rmo- (6-8) 

Another formula in terms of Ricci tensors is deduced from (5.12a): 

9ik\ 0 = —©0ifc + 4> 2 | bib k + - (bq k + + Rik — 7?*^ j ■ 

Taking time covariant derivative in (3.8c), and using (3.16c), (6.8) 
we infer that 

°ifc|o = $2 {Wk + \ (bi\ k + b k |.) - l (b h w + 6 2 ) h ik 
-4> 2 (u ih u% + \u} 2 h ik j | + \a 2 h ik - a ih a% - §0<T ifc - Rmo, 

where Rioko is the trace-free part of the spatial tensor field Rioko 


(6.9) 
and (6.1), 

( 6 . 10 ) 
, given by 
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( 6 . 11 ) 


RiOkO — RiOkO g-^OO ^ik* 

In a similar way, but using (6.9) instead of ( 6 . 8 ), we obtain 

CTjjfclo = -®Vik + I (o- 2 - I© 2 + Roo) hik + <h 2 {bibk 

+ \ ( b i\k + ~ 5 + ^ 2 ^ 2 ) Kk + Rik ~ R*k } • 

Now consider the Weyl tensor field in (M, g) given by 


Cabcd 


— Rabcd “I - 2 {fjcidRbc dbcRad QacRbd SbdRac} 
{SacSbd 9ad9bc} > 


(6.13) 


where we put 


(а) C^cd - C (^3, gfc, £§f, g|rj , 

( б ) Rabcd = R{-£z,-£z,-£b,-£z) > ( 6 - 14 ) 

(c) R ab = Ric(£ E ,^ r ), 

and R is the scalar curvature of (M, 5 ). Then, we consider the electric Weyl 
curvature tensor field E = ( E ac ) given by 


Eac — E( Q xC , Q x a ) - Cabcdi b i d -, 
and taking into account that £ = d/dx°, we obtain 


(6.15) 


F -r — — 

JC'aC ^ClOcO — '-'l o D'o O D’O n ' 

\ox u ox c ox u ox a J 


(6.16) 


Then by direct calculations, using (6.16), (6.13), (2.7), (2.9) and (2.15), we 
deduce that the only possible non-zero local components of E with respect 
to the natural frame field are 


Rik RiOkO T 2 1 Rkii T ZkRiO 9ik RqO T d* R,k j" ^ Il jk • 


Note that due to (2.3) and (6.16), we have 


(6.17) 
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E ik = c(— 


5 8 5 

\ 8x° ’ 5x k ’ dx° ’ 5x l 


= E ( 


5_ _5_ 

V 5x k ’ 5x l 


(6.18) 


By using (2.5a) , from (6.18) we infer that E lk define a spatial tensor field 
of type (0,2). Using (2.12) in (6.14b) and (6.14c), we obtain 


(a) Rmo = Rmo , (b) Rio = Rio — 2 £,iRoo, (c) Roo = Roo, 
(d) Rik = Rik - {&Rko + CkRio - $~ 2 £,i£kRoo}, 


(6.19) 


where Rioko and {Rik, Rio, -Roo} are given by (5.2c) and (5.10), respectively. 
Taking into account of (6.19) into (6.17) and using (2.15), we express E ik in 
terms of spatial tensor fields, as follows 


Eik — RiOkO T 


1 


<P z R ik - [ Roo + ) h ik 


( 6 . 20 ) 


The scalar curvature R of (M, g ) is given by 


) = b? h R jh - 4> -2 i?oo- (6.21) 

Then, replace R from (6.21) into (6.20) and taking into account (6.11), we 
deduce that 

Eik = Rioko + -j^ 2 Rik, ( 6 . 22 ) 

where Rik is the trace-free part of R^, that is, we have 

Rik = Rik - - h jh R jh hik . (6.23) 

Finally, by using (6.11) and (6.22) into (6.8) and (6.10), we obtain 


R = Ric ( E k, E k ) - $ 

k=1 


-2 


Ric 


( 


8 8 

V 8x°' 8x° 


@ifc|o = {bibk + \ (bi\ k + 6fc|i) - ^ 2 ^ih^k] ~ &ih&k 

Eik T 2*^* Rik 3 Roohik, 

and 


(6.24) 


19 



(6.25) 


°ik | 0 = $ 2 { b ih + \ ( h\ k + hu ) - | (b h \ h + b 2 ) h ik - < J * 2 (uihUk 

-j-gCU &ih&k 3©^ifc Eik “I - 2^* ^iki 


respectively. 

It is interesting to note that the generalized Raychaudhuri’s equation 
(6.1) can be expressed by using the scalar curvature R of ( M,g ) and the 
spatial scalar curvature R* of V* given by 

R* = h jh R* jh . (6.26) 

Indeed, contracting (6.9) by h lk and using (3.16d), (3.8b), (6.21) and (6.26) 
we deduce that 


0, o = —@ 2 + $ 2 { b 2 + b\ + R - R*} + Roo- (6.27) 

In particular, if £ is a unit vector field that defines a timelike congruence of 
geodesics (see (6.3) and (4.7)), then (6.27) becomes 

@| 0 = —0 2 + R — R* + Roo- (6.28) 

This is a new form of the Raychaudhuri’s equation (6.6) for a congruence of 
timelike geodesics. It is well known that (6.6) is the key equation used in 
the proof of Penrose-Hawking singularity theorems. More precisely, it was 
proved the following Lemma. 

Lemma 6.1. (see Lemma 9.2.1 in [2]) Let f be the tangent field of a 
hypersurface orthogonal timelike geodesic congruence. Suppose the following 
conditions are satisfied: 

(i) Ric (£,£) > 0, which is the case if Einstein’s equations hold in the 
spacetime and the strong energy condition is satisfied by the matter. 

(ii) The expansion 0 takes the negative value ©o at a point on a geodesic 
in the congruence corresponding to the proper time r = 0. 

Then 0 goes to —oo along that geodesic within the proper time r < y^r. 
Note that in the above lemma, £ is tangent field of a hypersurface orthogonal 
timelike geodesic congruence means that SM is an integrable distribution. 

Now, by using the new form (6.28) of Raychaudhuri’s equation we can 
complete Lemma 6.1 with the following Lemma. 

Lemma 6.2. Let the congruence of timelike geodesics satisfying the 
conditions from Lemma 6.1. Then we have the following assertions ; 
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(a) If R > R*, then the proper time r must be in the interval [1/ 1©o |, 3/|@o|]. 

(b) If R R,*, then the following cases occilt’. 

(h) ifRic(£,0> R*-R, then t must be in the interval [l/|@o|, 3/|0o|]. 
(62) If Ric)Z,£) <R*-R, then t must be in the interval [0,1/1©01)• 
Proof. Suppose (a) is satisfied, and by using (i) in (6.28), we obtain 


which is equivalent to 


©|o + > 0, 


-(-) < 1 . 

dr l 0 j “ 


Then, integrating (6.29) on [0, r], we infer that 

1 1 

— < - b T. 

0-0o 

As 1/0 must pass through zero, from (6.30) we deduce that 


(6.29) 


(6.30) 


1 

T > -. 

- | ©0 | 


(6.31) 


Combining with the result from Lemma 6.1, we conclude that t must be in 
the interval [1 /1© 0 1, 3/|©o|]• In a similar way it is proved the assertion ( b \). 
Finally, by using the condition from ( 62 ) into (6.28), we obtain 


©lo + ©" < 0, 

which is equivalent to 


d 1 

dr 0 > ' 

(6.32) 

Integrating (6.32) on [0, r], we deduce that 


1 1 

(6.33) 

© > ©o T " 

As 1/0 must pass through zero, we conclude that r € 
completes the proof of the lemma. □ 

[0, l/|©oD- This 
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7 Kinematic Quantities for Kerr-Newman Black 
Holes 


The new point of view developed here on the (1 + 3) threading of spacetime, 
is applied in this section to the charged Kerr black hole (also called Kerr- 
Newman black hole). We show that the curvature and Ricci tensor fields of 
(M, g) are simply expressed in terms of curvature and Ricci tensor fields of 
the Riemannian spatial connection, via the kinematic quantities. 

Now, according to the notations used in Sections 2 and 3, for the metric 
of a Kerr-Newman black hole given by (1.2), we have 


(o) $ 2 = A - a2 (gtt* 2 ) 2 = i _ 


(,b) Cl = 6 

(c) cii = 0, 


= 0, £3 


(e 2 — 2ml 1 )a(sin x 2 ) 2 

2 • 


Vie {1,2,3}. 


The spatial distribution SM of (M, g) is locally spanned by 


J__ _d_ J__ _d_ _5__ _d_ 2 _d_ 

Sx 1 dx 1 ' dx 2 dx 2 ’ 5x 3 dx 3 3 dx °' 

and it is the kernel of the 1-form 


(7.1) 


(7.2) 


5x° = dx° - $” 2 £ 3 (^ 3 . (7.3) 

By using (2.15) (1.2), (7.1a) and (7.1b), we deduce that the only non-zero 
local components of the Riemannian metric h on SM with respect to the 
threading frame field from (7.2), are the following 


hu — /l22 — S, /133 

Hence the line element from (1.2) becomes 


A (since 2 ) 2 
$2 


(7.4) 


ds 2 = -$ 2 (fe 0 ) 2 + | (dx 1 ) 2 + £(dx 2 ) 2 + A( — 2)2 (d, 3 ) 2 , (7.5) 

with respect to the threading coframe held {<5x°, dx 1 }. 

Next, by using (3.3), (4.6), (7.1a), and (7.1c), we deduce that the geodesic 
spatial tensor held b = ( b {) is given by 
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(7.6) 


_ _ x 1 (2mx 1 — e 2 )—mE 


b] = ci = 


($sp 


/7 \ 7 (e 2 —2mx 1 )a 2 sin# 2 cos# 2 / \ l n 

( 6 ) 02 = C2 = - --, (c) bs = cs = 0 . 


Due to (4.7) and (7.6) we conclude that the curves from the congruence 
defined by £ = d/dx° which sit in the surface given by the equations 


x 1 (2mx 1 — e 2 ) — rnE = 0, (e 2 — 2mx 1 )a 2 sin a; 2 cosx 2 = 0, 

for a / 0, or in the hypersurface 

p 2 

l e 

x = — , 
m 

for a = 0, are the only geodesics of ( M,g ) that are tangent to £. Moreover, 
we see that such geodesics have the equations 


x° = A, 


x 1 = 


m ’ 


x 2 = 


2 > 


X = c, 


or 


„o _ 


= A, 


1 _ e 2 ±\/e 4 +4m 2 

— 2m ' 


x 2 = 0, 


3 

X = c, 


for a / 0, and 


x° = A, x 1 = —, x 2 = k, x 3 = c, 
m 

for a = 0, where k and c are constants. In particular, the integral curves of 
£ can not be geodesics in the Schwarzschild spacetime. 

Now, taking into account (3.8) and (7.4), we obtain 


(a) @ij = 0, (6) 0 = 0, (c) <7^ = 0, VzJ €{1,2,3}. (7.7) 

Also, by using (3.5a), (7.1b), (7.2) and (7.6), we deduce that the only non¬ 
zero local components of the vorticity tensor field (wjj), are given by 


(a) wi 3 = - x l (2mx 1 - e 2 )}, 

/7 \ e 2 )aA sinx 2 cos ai 2 

W ^23 = -- ^2 -• 


(7.8) 
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From (7.8) we see that the spatial distribution SM is not integrable for 
both Kerr-Newman and Kerr black holes. On the contrary, for the Reissner- 
Nordstrom and Schwarzschild solutions, the timelike vector field £ = d/dx° 
is hypersurface orthogonal. 

Finally, we note that the local components of the curvature and Ricci 
tensor fields with respect to the threading frame field have very simple ex¬ 
pressions. Indeed, by using (7.6) and (7.7) into (5.3a), (5.3b) and (5.5a), we 
obtain 


(fl) Rijkh Rijkh R ^ i^ik^jh ^ih^jk} > 

(6) RiOkh — ^ihCk ^ik^-h “I - , (7.9) 

(c) Rmo = $ 2 {CiCk + \ (ci\ k + c k |.) - ® 2 uj ih u;%} , 

where R^j kk is the curvature tensor field of the Riemannian spatial connec¬ 
tion. In a similar way, from (5.12a), (5.11b) and (5.11c), we infer that the 
local components of the Ricci tensor of ( M,g ) with respect to the threading 
frame field are given by 


(fl) Rik Rik C^Ck 2 i) ’ 

(b) R i0 = ^ 2 {u^ h +S^c h }, (7.10) 

(c) Roo = $ 2 {c h c h + c\ + $ 2 u kh u kh }, 

where R* k is the Ricci tensor of the Riemannian spatial connection. As 
far as we know, (7.9) and (7.10) have been not stated in earlier literature. 
They can bring more information and ideas in the study of the geometry 
and physics of the black holes. In particular, for Reissner-Nordstrom and 
Schwarzschild solutions, (7.9) and (7.10) become 


(d) Rijkh ^ijkh’ (^) RiOkh 9; 

(c) Rioko = $ 2 {ciC k + \ (cj| fc + c k |.)}, 

and 

( a ) ^ik = R,ik ~~ c i c k ~ 2 ( c i|fc c fc|i) > 

(lb ) Rio = 0, (c) R 00 = $ 2 {c h c h + c) h }, 

respectively. 


(7.11) 


(7.12) 
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8 Equations of Motion in a Kerr Black Hole 

In this section and in the next one, we take e = 0 in (1.2), that is, we consider 
the Kerr black hole ( M,g ). As it is well known, the geodesic equations in a 
Kerr black hole have been explicitly integrated for first time by Carter [6]. 
In the present section we will state a new form of the equations of motion in 
a Kerr black hole, and obtain informations about the position of geodesics in 
M with respect to the spatial distribution. In particular, we show that the 
geodesics of (M, g ) which are tangent to SM coincide with the autoparallel 
curves of the Riemannian spatial connection. 

Let C be a smooth curve in M given by parametric equations 

x° = x°(A), x l = x l (X), i € {1,2,3}, A € [a, 6], (8.1) 

where A does not necessarily represents the time in ( M,g ). The veloc¬ 
ity vector field d/dX for C is expressed in terms of the threading frame 
{d/dx°,5/5x 1 } as follows: 


d Sx° d dx l 5 

dX = JxlhV + IXfod 1 


where we put 


5x° dx° 


5X dX $ dX ' 


dx 3 


( 8 . 2 ) 


(8.3) 


Now, by using (7.7) and (7.1c) in (3.17), we express the Levi-Civita connec¬ 
tion V on ( M,g ), as follows: 


(a) v^A = r* 


* j 6x k ' r 


(b) 


foT + Ci dx® ’ 


(8.4) 


(c) V. 


dx ( 




Then, by direct calculations using (8.4) and (8.2), we obtain 


VjLJx 

d\ dx 



i ■p* k dx 1 dxi i oth^Sx 0 . ,kdx z i_ 

+ L i j-dX~dX + Z9 1\ u; i-dX + 




I r, Sx° dx 1 

"T - z SX Ci dX 


d 

dx° > 
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which leads to the following equations of motion 


(a) 


d 2 x k _|_ p* k dx 1 dxi 


~dW 


i j d\ d\ 


+ 2^ s 4^ + (^) <h 2 c fc = 0, 


(8.5) 


(b) ^® + 2 ^^ = 0 . 


Note that A from (8.5) is an affine parameter for geodesics in ( M,g ). 

A geodesic of (M, g ) which is tangent at any of its points to the spatial 
distribution SM, is called a spatial geodesic. Then by using (8.2), (8.3) and 
(8.5) we deduce that a curve C given by (8.1) is a spatial geodesic, if and 
only if, it is a solution of the system 


(„\ d 2 x k i dx' dxi _ n 

W 1>?- + L i j-dXSX - u > ^ 

W = = 0. 

Now, we remark that (7.7a) implies that the Kerr spacetime has bundle-like 
metric with respect to the foliation determined by £ (cf. [7], p.112). Thus, 
we have the following interesting property: 

If a geodesic of a Kerr black hole is tangent to the spatial distribution at 
one point, then it remains tangent to it at all later times. 

Also, due to (8.6) we may state the following: 

The spatial geodesics in ( M,g ) coincide with autoparallel curves for the 
Riemannian spatial connection. 

Next, we suppose that C is a geodesic in (M, g) which is not spatial, that 
is, we have 5x°/5\ / 0. Without loss of generality we suppose 5x°/5 A > 0. 
Then by using (3.3) in (8.5b), we obtain 



+ 2$ 


-l 


~d\ 


= 0, 


which is equivalent to 


^ ( 8 ' 7 ) 

where K is a positive constant. By using (8.7) into (8.5a), we deduce that 
a geodesic of a Kerr black hole (which is not a spatial geodesic), must be a 
solution of the system formed by (8.7) and the equations 


d 2 x k 

~d>? 


, r * k dxi dxj , ,k dxi 

1 0 dX dX dX 


+ K 2 <S>~ 2 c k = 0. 


( 8 . 8 ) 
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Finally, taking into account (8.6b) and (8.7), we conclude that the system of 
differential equations for the geodesics in a Kerr black hole can be arranged 
in such a way that one of the equations is of first order. 


9 A 3 D Identity Along a Geodesic in a Kerr Black 
Hole 


The Riemannian spatial connection given by (3.11), enables us to define a 3 D 
force in a Kerr black hole, and to deduce what we call the 3D force identity 
(cf.(9.10)). Note that this 3D force is a direct consequence of the existence 
of the fourth dimension (time), and emphasizes an important difference 
between Newtonian gravity and Einstein’s general relativity. 

Let C be a geodesic in ( M,g ), and {7(A) be the projection of velocity 
d/dX on SM. Then by (8.2) we obtain 


U( A) 


dx l 5 

1X63*' 


(9.1) 


which we call the 3D velocity along C. Now, consider the 3D arc-length 
parameter s* on C given by 


s* = 


[ X h(U(X),U(X)) 1/2 d\ = f X 

la J a 


' dx l dxi\ 


1/2 


d\, 


and obtain 


(ds*) 2 = hijdx l dx^. 


Hence 


dx^_5_ 
ds * Sx l ’ 

is a unit spatial vector field, that is, we have 


(9.2) 


(9.3) 


h(U(s*),U(s*)) = 1. (9.4) 

Since ds*/dX is positive, we can take s* as a new parameter on C. Then, 
define the 3D force along C, as the spatial vector field F(s*) given by 


F{s*) = V* d U(s*). 

ds * 


(9.5) 
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Here, V* is the Riemannian spatial connection, and d/ds* is given by 

d _ Sx° d dx l 5 , . 

ds* 5s* dx° ds* 5x l 

Taking into account that V* is a metric connection on SM, and using (9.4) 
and (9.5), we deduce that F(s*) is orthogonal to both U(s*) and U( A). By 
(9.5), (9.6) and (8.6), we see that the 3 D force vanishes along a spatial 
geodesic C, if and only if, s* is an affine parameter on C. 

Next, we put 


and by using (9.5), (9.6), (3.12), (3.14) and (7.7a), obtain 


F k (s *) 


d 2 x k 

(ds*) 2 


_ i, dx l dx 3 , 9 5x° h dx l 

+ r K _ i- <fr— u- — 

1 3 ds* ds* 5s* 1 ds* ’ 


(9.7) 


provided C is not a spatial geodesic. Now, by using (8.7) and taking into 
account that 


d 2 A _ d 2 s* /ds*y :i 
(ds*) 2 ~ ~\dX ) ’ 

from (9.7) we deduce that the local components of the 3D force with respect 
to the affine parameter A , are given by 


F‘ 


W = { 


d 2 x k 

Id? 


+ rj 


fc ax" ax J _i_ / ' .k ax 
j dX dX dX 



, ^ <i 2 s* 

dx k \ 

( ds *\ 

\dX) 

"dA 2 " 

dX J 

\dX) 


-2 


(9.8) 


Finally, by using (8.8) into (9.8), we infer that 


F k ( A) 


Ku: k< ^- + K 2 ®- 2 c k + 
dX 


/ ds*\ 1 d 2 s* dx k \ / ds*\ 2 

\lx) d\ 2 dX J ^dA J 


(9.9) 


Taking into account that 


W*( A)^ = 0, 


and using (9.9), (3.3) and (9.2), we obtain 
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(9.10) 


r, o d& ds* d 2 s* 

K - 1 - 

dX dX dX 2 


= 0 . 


Note that the identity (9.10) is a direct consequence of the existence of the 
3D force F given by (9.5). For this reason we call it the 3D force identity. 
Such an identity could be useful in a study of motions in ( M,g ), and even 
for solving the equations of motion. For example, from (9.10) we deduce 
that: 

The 3D arc length parameter s* is an affine parameter on the geodesic 
C , if and only if, <h is constant along C. 


10 Conclusions 

In the present paper we develop a theory for a (1+3) threading of spacetime 
(. M,g ) with respect to a congruence of curves determined by an arbitrary 
timelike vector held £ = d/dx°. The generality of the study is not the only 
difference between our approach and what is known in literature for the case 
of the unit vector held £. The main differences consist in the following: 

(i) Our approach is entirely developed with geometric objects expressed 
by their local components with respect to the threading frames {d/dx°, 5/5x 1 } 
and threading coframes {5x°,dx 1 }. 

(ii) The spatial distribution is not supposed to be necessarily integrable, 
and therefore this theory can be easily applied to the study of any cosmo¬ 
logical model with non-zero vorticity. 

(iii) All the equations and results we state, are expressed in terms of the 
spatial tensor helds (cf.(3.1)) and their spatial and time covariant derivatives 
(cf.(3.15)) induced by the Riemannian spatial connection given by (3.12). 

(iv) In spite of the numerous papers published on (1+3) threading of the 
spacetime (cf.[1,5]), the generalized Raychaudhuri’s equations (6.1), (6.5) 
and (6.27) are stated here for the first time in literature. 

(v) The proof of Lemma 6.2 which completes the well known Lemma 6.1, 
is entirely based on a new form of Raychaudhuri’s equation for a congruence 
of timelike geodesics (cf.(6.28)). 

(vi) It is the first time in literature when the spatial geodesics of a Kerr 
black hole are investigated (see (8.6) and the assertions which follow it). 

(vii) The 3D force (9.5) and the 3D force identity (9.10) are new ob¬ 
jects in the general theory of Kerr back holes, and illustrate the differences 
between Newtonian gravity and Einstein’s general relativity. 
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